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We explore a driven three-level V -system coupled to an environment with dynamics governed by
the Lindblad master equation. We perform a transformation into superoperator space, which brings
the Lindblad equation into a Schrödinger-like form, thus allowing us to obtain an exact analytical
solution for the time-dependence of the density matrix in a closed form. We demonstrate a regime for
continuous lasing without inversion for driving with a continuous wave laser. We show a mechanism
for achieving superluminal, negative, and vanishing light pulse group velocities and provide a range
of physical parameters for realizing these regimes experimentally.
Driven three-level systems constitute one of the most
fundamental physical systems in atomic, molecular, and
optical (AMO) physics, exhibiting quantum coherent be-
havior that gives rise to a number of unique and fascinat-
ing physical phenomena [1, 2]. One of the most promi-
nent examples of these phenomena is electromagneti-
cally induced transparency (EIT) [3–7], which allows for
absorption-free propagation through an optically thick
atomic medium [2, 8–10]. The EIT phenomena is based
on the elimination of real and imaginary parts of the sus-
ceptibility, which creates a transparency window in the
coherently driven atomic media [11–13]. The vanishing
susceptibility of the atomic system results in the dras-
tic reduction of the group velocity of light pulse [14–17]
that has enabled the experimental realization of quan-
tum memory by storing and retrieving individual quan-
tum states [7, 18–21]. The laser-induced coherence in
three-level atomic media results in coherent population
trapping (CPT) [22–28], which can be realized with both
coherent driving fields and incoherent pumping processes
[29] that ultimately gives rise to lasing without popula-
tion inversion (LWI) [30–34]. The successful realization
of EIT and LWI concepts has dramatically expanded the
scope of lasing and quantum technologies, resulting in
major advances that have allowed one to design and build
a multiplex of versatile and highly tunable quantum sim-
ulator platforms [35–38].
Despite their widespread significance in applied and
fundamental physics, the dynamics of open driven three-
level systems interacting with an environment and gov-
erned by the Lindblad master equation [39, 40] precluded
an exact analytical treatment of their time evolution. We
address this problem by transforming the Lindblad mas-
ter equation into superoperator space [41, 42], which al-
lows us to convert it to a Schrödinger-like form. The
time-independent Hamiltonian, and the corresponding
Liouville superoperator, is achieved within the rotat-
ing wave approximation (RWA) [1, 2], which allows one
to eliminate rapidly oscillating terms in the governing
Hamiltonian. We employ the Laplace transform and ma-
trix inversion methods that enable us to construct an
exact analytical solution for the density matrix of an
open driven three-level system in the V -configuration in
a closed form. We shall point that a number of pow-
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FIG. 1: Driven three-level system and continuous lasing
without inversion in an open three level V -system driven by
a contentious wave laser. (a) Schematic representation of an
open three-level system in a V -configuration. The Rabi fre-
quencies Ωp and Ωs are the result of coherent driving electric
fields with frequencies νp and νs respectively, which are de-
tuned from atomic resonance by ∆p and ∆s; γp and γs are the
environmental couplings corresponding to the |a〉 → |b〉 and
|c〉 → |b〉 transitions. The system is initially in the ground
state, i.e., ρbb(t0) = 1. (b) Transient gain scaling factor of
the |a〉 ↔ |b〉 driving field plotted as a function of time in
units of the Rabi period τp = 2pi/Ωp and coupling strength γ.
To ensure that all remaining system parameters are given in
units of the |a〉 ↔ |b〉 transition Rabi frequency Ωp, the other
Rabi frequency is set to Ωp = Ωp/2 and both driving fields
are taken to be on resonance, i.e. ∆ = 0.
erful analytical methods and computational techniques
were developed to solve the dynamics of open quantum
systems, including coherence vector formalism [43], quan-
tum regression theory with the optical Bloch equations
[1], quantum trajectories [40, 44], and the Langevin ap-
proach [1, 45]. However, these methods result in approx-
imate analytical solutions unlike the method that we de-
velop and apply for an open driven three-level V -system.
The obtained exact analytical solution for this system al-
lows us to establish a regime for continuous gain without
inversion, as well as large optical gain in the short-time
limit and transient regimes. To characterize the behavior
of light pulses propagating through the gainful medium,
we calculate the linear susceptibility, which in turn yields
expressions for the index of refraction, absorption spec-
trum, and group velocity. Moreover, we find driving field
configurations of a three-level atomic media that result
in superluminal, vanishing, and negative group velocities
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2of light pulses propagating through the media.
The governing Hamiltonian of a driven three-level V -
system (see Fig.(1-a)) obtained within the RWA and
transformed into the co-moving reference frame [1, 2],
is given by
H = h¯
 ∆p −Ωp2 0−Ωp2 0 −Ωs2
0 −Ωs2 ∆s
 , (1)
where the Rabi frequencies are defined as Ωp = |µab|Ep/h¯
and Ωs = |µcb|Es/h¯ and the detunings are given by
∆p = (ωa−ωb)−νp and ∆s = (ωc−ωb)−νs. Here νp, νs
and Ep, Es and are the driving electric field frequencies
and slowly-varying amplitudes respectively. The terms
µab and µcb represent the transition dipole elements be-
tween excited states, |a〉 and |c〉, and the ground state,
|b〉, correspondingly, and have been chosen to be real to
eliminate the constant phase terms that arise on the off-
diagonal elements of Eq. (1). The system is taken to
be weakly coupled to a Markovian photon reservoir in a
thermal state, and under the Born and secular approxi-
mations [40, 42] its dynamics are governed by the Lind-
blad master equation [40, 46, 47],
ih¯
∂ρ(t)
∂t
=[H, ρ(t)] (2)
−ih¯
∑
n=s,p
γn
2
({
L†nLn, ρ(t)
}− 2Lnρ(t)L†n) .
Here Ls and Lp are local Lindblad operators that govern
environment-induced transitions from the excited states
|a〉 and |c〉 to the ground state |b〉 with the characteris-
tic decay rates given by γs and γp, correspondingly [40].
Now we perform a transformation of the Lindblad master
equation (2) into superoperator space [41, 42], in which
the density matrix, ρ(t), characterized with the local di-
mension d, transmutes into a (d2×1)-dimensional super-
ket |ρ(t)〉〉. The open quantum dynamics in the superop-
erator space are governed by the Liouville operator, L ,
defined asL = (H⊗I−I⊗HT )−ih¯∑n(γn/2)(L†nLn⊗I+
I⊗(L†nLn)T − 2Ln⊗(L†n)T ), which acquires (d2 × d2)-
dimensional representation. Here the operation ⊗ is the
Kronecker (tensor) product [42]. Thus, the Lindblad
master equation (2) in superoperator space acquires a
Schrödinger-like form,
ih¯∂t |ρ(t)〉〉 = L |ρ(t)〉〉 . (3)
We investigate a regime where the temperature, T ,
of the thermal reservoir representing the environment is
much smaller than the energy scale of the system, i.e.,
kBT  h¯Ωs and kBT  h¯Ωp, thus allowing the dissi-
pative reservoir to be approximated as having zero cou-
pling to the |a〉 〈b| and |c〉 〈b| transitions. The Lindblad
operators for this system can therefore be expressed as
Ls = |b〉 〈a| and Lp = |b〉 〈c|, with corresponding cou-
pling constants γp and γs that govern the transitions
of the excited states |a〉 and |c〉 to the ground state
|b〉. We apply these Lindblad operators and the sys-
tem Hamiltonian in Eq.(1) to the Liouville space equa-
tion to obtain an expression for the dynamics of the V -
system in our choice of reservoir coupling. The most
general solution of the Liouville equation can be written
as |ρ(t)〉〉 = exp [−iL t/h¯] |ρ0〉〉, where |ρ0〉〉 is the den-
sity matrix in the superoperator space that corresponds
to the initial state of an open quantum system. The gov-
erning Liouville equation can be analytically solved by
employing the Laplace transform, which brings the time-
dependent density matrix into the frequency domain,
|ρ˜(s)〉〉 =
∫ ∞
0
dt |ρ(t)〉〉 e−st = 1
i
h¯L + s · 1
|ρ0〉〉 . (4)
The inverse Laplace transform yields the density matrix
in the time domain,
|ρ(t)〉〉 = 1
2pii
lim
ε→0
T→∞
∫ ε+iT
ε−iT
ds |ρ˜(s)〉〉 est, (5)
which enables a computation of each of the density ma-
trix elements individually. The presented method allows
one to obtain exact results for the populations and co-
herences of open driven three-level systems in the most
general case of driving field parameters and atomic con-
figurations. However, for convenience of presentation, we
choose two-photon resonance case, i.e., ∆s = ∆s = ∆,
and the equal decay rates case, i.e., γp = γs = γ, which
allows us to bring the analytical results for the density
matrix elements into a closed form. Here we are consid-
ering a precisely structured three-level system with en-
ergetically distinct excited states, such as a 87Rb atom
[48], in which case decay rates associated with D1 and
D2 lines are nearly identical [49], and therefore we can
safely assume γs = γp.
We proceed to formulate an exact, time-dependent ex-
pression for the V -system density matrix interacting with
its environment via the Lindblad operators. With the
system initially in the ground state, ρ(0) = |b〉 〈b|, the
population of the first excited state |a〉 is given by:
ρaa(t) =
Ω2p
2Ω2
[
1 +
1
4
3∑
k=1
exp [λkt]Ak∏3
l 6=k(λk − λl)
]
, (6)
where Ω is the effective Rabi frequency, given by
Ω =
√
γ2/2 + 2∆2 + (Ω2p + Ω
2
s) (7)
The amplitude Ak in Eq. (6) is defined as Ak = 4∆2−(γ+
2λk)(3γ + 2λk), where λk are the three eigenvalues of L
that cannot be expressed in simple radicals and represent
the roots of the third-degree polynomial, (γ + λ)[(γ +
2λ)2 + 4∆2] + 2(γ + 2λ)(Ω2s + Ω
2
p) = 0. The population
in the excited state |c〉 can be directly expressed in terms
of the population in the excited state |a〉 as
ρcc(t) = (Ω
2
s/Ω
2
p)ρaa(t). (8)
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FIG. 2: Transient behavior of the linear susceptibility of
the three level medium for the driving field of frequency
νp, abbreviated as χp, where (a) and (b) are the real and
imaginary parts respectively. The susceptibility and all di-
mensional quantities are given in terms of the scaling term
µ = |µab|2%/h¯0, with specific parameter values: Ωp = 103µ,
Ωs = 2Ωp, γ = Ωp, and the atomic energy level frequency of
ωab = 10
12µ. (b) represents the absorption spectrum, from
which it is clear that there are no regimes of EIT behavior
exhibited for a V-system of this configuration.
The Lindblad master equation given by Eq. (2) preserves
the norm of the density matrix, and therefore the pop-
ulation in the ground state |b〉 is given by, ρbb(t) =
1− [ρaa(t) + ρcc(t)]. Next, we will present the coherence
between excited states |a〉 and |b〉,
ρab(t) =
iΩp
2Ω2
[
(γ − 2i∆)− 1
2
3∑
k=1
exp [λkt]Bk∏3
l 6=k(λk − λl)
]
, (9)
where the amplitude Bk can be expressed in terms of the
previously defined amplitude Ak as, Bk = (Ω2s+Ω2p)/(γ+
2λk + 2i∆)Ak. The ration between the Rabi frequencies
of the driving fields, Ωs and Ωp defines the ratio between
coherences ρbc and ρab,
ρbc(t) = (Ωs/Ωp)ρ
∗
ab(t). (10)
The coherence between the excited states can be effec-
tively expressed in terms of the excited state populations,
ρac(t) = [Ω
2
sρaa(t) + Ω
2
pρcc(t)]/(2ΩsΩp). (11)
We shall note that by choosing an initial state that is an
equal superposition of both excited states rather than the
ground state, i.e. ρ(0) = (1/
√
2)(|a〉 〈a| + |c〉 〈c|), yields
nearly identical results for the dynamics, and thus does
not provide any additional physical insight.
The obtained exact analytical solution for an open
driven three-level V -system allows us to fully investi-
gate this system and compare the obtained exact result
against previously obtained perturbative results. First,
we will demonstrate the consistency of the exact expres-
sion derived above with well-established results[2] and
extend to a regime of continuous optical gain. The ex-
cited state populations, as they are driven by the coher-
ent field, follow a conservation law that relates the total
population in the excited state to the two-photon coher-
ence:
ρaa(t) + ρcc(t)−
Ω2s + Ω
2
p
ΩsΩp
ρac(t) = 0. (12)
In the special case of matching Rabi frequencies, Ωp =
Ωs, the law given by Eq.(12) is consistent with the previ-
ously established results [29]. For a resonant driving and
weak reservoir coupling case, i.e. ∆ = 0 and γ  Ωp,c,
the steady state exhibits population locking of half the
atomic population in the excited state and maximal two-
photon coherence independent of the magnitudes of the
driving fields. An expression for the steady state pop-
ulation inversions can be derived in terms of the sys-
tem parameters. It can be shown that all roots λk have
Re[λk] < 0 such that limt→∞ exp [λkt] → 0, and there-
fore in the steady state all terms proportional to exp [λkt]
in Eq. (6)-(9) vanish, yielding the following steady state
population inversion, nij(∞) = −(γ2+4∆2+Ω2ij)/(2Ω2),
where ij represents either ab or cb, with corresponding
Rabi frequencies: Ωab = Ωs and Ωcb = Ωp. This expres-
sion is clearly less than zero for any choice of parame-
ters, eliminating the possibility of this system to exhibit
a continuous regime of traditional lasing with a positive
population inversion.
Now we shall demonstrate that the inversionless gain is
in fact possible for a continuously driven open V -system,
in contrast to the previously established results [29]. The
gain of a coherent field driving a particular atomic tran-
sition is proportional to the imaginary part of the den-
sity matrix coherence element of the transition divided
by the Rabi frequency of the field itself. In general, the
constant of proportionality depends on the atomic den-
sity and the wavelength of the driving fields [48]. The
gain scaling factor that results from the coherent dynam-
ics of the |i〉 to |j〉 , i 6= j transition described by ρij
will be denoted Gij(t), i.e. Gab(t) = Im[ρab(t)]/Ωp and
Gcb(t) = Im[ρcb(t)]/Ωs. With this definition Gij(t) > 0
corresponds to a gain in the electric field intensity. The
oscillatory terms with dependence on λk in the expres-
sions for the density matrix elements give rise to posi-
tive population inversion, nab > 0 and ncb > 0, in the
transient regime (see Fig. 1-(b)), as well as alternation
between gain and loss in the field amplitude for approx-
imately γt < 5. Figure 1 not only illustrates the new
regimes of continuous and transient optical gain, but
also is consistent with the predictions of existing liter-
ature [29], which assert that transient gain is observed
for small times on the order of γ/Ω2p,c. The steady state
gain scaling factor can be calculated using limt→∞ ρij(t),
G =
γ
2Ω2
=
γ
γ2 + 4∆2 + 2
(
Ω2s + Ω
2
p
) , (13)
which explicitly demonstrates its dependence on the de-
cay rate γ and subsequent maximum value at γ =√
4∆2 + 2(Ω2p + Ω
2
s).
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FIG. 3: Ratio of the group velocity of the probe field v to the
vacuum speed of light c (solid line) plotted against the ab-
sorption spectrum of the medium at the frequency νp (dashed
line), calculated as Im[χ(νp)]. All dimensional quantities are
given in terms of the scaling term µ = |µab|2%/h¯0. (a) The
system parameter values are set to Ωp = 104µ, Ωs = 2Ωp,
and γ = Ωp. (b) By tuning the system to the larger relative
parameter values, Ωp = 105µ, Ωs = 2Ωp, and γ = Ωp, the
peaks in the group velocity behavior are shifted outside the
region of maximal absorption. Both (a) and (b) are set to an
atomic energy level frequency of ωab = 1012µ.
Relaxing the simplification of resonant driving by al-
lowing the two-photon detuning ∆ to vary introduces a
new regime of transient and steady state refractive ef-
fects. Linear susceptibility is related to the off-diagonal
matrix elements in the interaction picture by
χ(νp) =
2%|µab|2
h¯0Ωp
ρab(t), χ(νs) =
2%|µcb|2
h¯0Ωs
ρcb(t), (14)
where % is the atomic density and 0 is the vacuum per-
mittivity. Here the behavior of a single three-level sys-
tem has been generalized to a larger collection of sys-
tems comprising a diffuse atomic medium such as those
assembled in [48]. The susceptibility at frequency νp is
depicted in Fig. 2, from which it is clear that there is no
continuous EIT regime in this particular system.
Using the physical constraints for the D1,2 transitions
in 87Rb, the three level medium used in [48], the parame-
ter µ ∼ 1kHz. In [48] and other typical three level system
experiments the magnitudes of the Rabi frequencies and
environmental decay coupling are both O(MHz), while
the detuning ∆ ∼ 1GHz to ensure that ∆  ωab, ωbc ∼
1THz when RWA is valid. In Fig. 3(a), the general be-
havior of the group velocity v/c (solid line) is as expected,
approaching unity as the probe frequency is detuned far
from resonance and decreasing to zero as ∆ → 0 where
there is peak absorption (dashed line). However, near the
origin, the exact expressions reveal the divergence of v/c
at the ∆ values given by the real roots of the polynomial:
2∆2[2∆(∆+µ)+µνp]+2∆Ω˜
2(2∆+µ)−µνpΩ˜2 +Ω˜4 = 0,
where Ω˜ =
√
γ2/2 + (Ω2s + Ω
2
p). Typically, these val-
ues lie within the peak of the absorption spectrum,
and as a result will not produce measurable superlu-
minal/negative group velocity behavior as the intensity
of the outgoing waves will be greatly reduced. How-
ever, by increasing the coupling Rabi frequency Ωs or
by preparing the medium in such a manner as to create a
large environmental coupling γ, the peaks can be shifted
to regions of smaller absorption magnitude, as depicted
in Fig. 3 (b). Instances of superluminal and negative
group velocity here do not represent violations of causal-
ity, as the behavior of the wave is in agreement with the
Kramers-Kronig relations, which themselves are predi-
cated on causality [50]. Rather than information trans-
port, the group velocities here represent a reshaping of
the pulse made possible by the smooth nature of the in-
cident signal, and it has been proposed that the group
velocity of a sharp pulse is representative of information
transport, and is therefore limited by causality [51].
In conclusion, we explored an open driven three-level
V system coupled to an environment within the Lindblad
master equation approach. We performed a transforma-
tion into superoperator space, which enabled us to rep-
resent the Lindblad equation in a Schrödinger-like form
and subsequently obtain an exact analytical solution for
the density matrix of the system. We determined phys-
ical conditions under which the system driven by a con-
tinuous wave laser exhibits gain without inversion. We
analyzed the linear susceptibility of a driven three-level
atomic medium and established driving field configura-
tions that result in superluminal and negative group ve-
locities, as well as the range of physical parameters that
allow one to observe these effects experimentally.
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